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GENERAL  PROBLEM  IN  TEE  C  LCULUS  OF  VARI  TlO’.'S 
WITH  APPLICATIONS  TO  PATHS  OF  LEAST  TIME 
K.  Iv.  Hester.es 


Summa ry .  The  present  paper  is  concerned  with  paths  of  least 
time  for  an  airplane.  This  problem  when  formulated  analytically 
leads  us  to  a  problem  in  the  calculus  of  variations  of  a  type 
which  has  not  been  adequately  treated  in  the  literature.  However, 
the  problem  can  be  transformed  into  a  problem,  commonly  called 
the  problem  of  Boise.  The  purpose  of  the  present  paper  is  to 
collect  known  results  for  the  problem  cf  3olza  and  interpret  them 
in  terms  of 'the  new  problem  here  formulated.  This  is  done  in 
Sections  1,3, U  and  5*  In  sections  10  and  11  we  treat  the  case 
when  additional  constraints  are  imposed.  Applications  to  paths 
of  least  time  are  found  in  Sections  S,  9  an  11. 

The  derivation  of  the  results  on  the  problem  of  bolza  which 
we  have  used  can  le  found  in  a  book  by  G.  A.  Bliss  entitled 
’’Lectures  on  the  Calculus  of  Variations”,  The  University  of 
Chicago  Press.  The  results  given  by  Bliss  are  st-  ted  in  a ’some¬ 
what  different  form  than  those  here  given.  They  are  however  • 
equivalent  and  are  related  by  the  transformation  given  by  Bliss 
in  the  introductory  sections  on  the  problem  of  Bolza. 


/ 


/ 

/ 
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1.  Introduction .  The  problem  at  hand  is  that  of  finding  an 
optimum  path  of  an  airplane  P  of  known  performance.  In  order 
to  describe  the  equations  of  motion  of  the  airplane  we  introduce 
the  following  notations: 

r  ■  position  vector  of  the  airplane 
v  *  r  -  velocity  of  the  airplane 

v  -  jv|  “  speed  of  the  airplane 

=  weight  vector  of  magnitude  w 
m  »  mass  of  the  airplane 
T  •  thrust  of  magnitude  T 
L  »  lift  of  magnitude  L 
D  «  drag  of  magnitude  D 
■  angle  of  attack 
8  *  angle  of  bank 
h  »  altitude 

t  ”  time 

The  equations  of  motion  are  then  given  by  the  equations 

d  (n.  v)  -  T  '  ♦  L  +  D  +  V*_ 
dt 

(1:1) 

dw  **  tt  ( v ,  T ,  h  ) 
dt 

In  these  aquations  L  and  D  are  known  functions  of  p,  h,  v. 

It  will  be  assumed  that  the  tnrust  T  is  a  prescribed  function 
of  v  and  h.  The  path  of  the  airplane  is  then  determined  completely 
by  initial  values  of  r,  V  and  w  and  by  the  values  of  c/(t)  and 
Pit)  over  the  flight  path.  The  problem  at  hand  is  to  determine 
the  functions 

Ok  (t )  ,  /B(t)  o  <  t  <  t2 

which  will  minimize  the  time  of  flight  t2  among  all  paths  with 
prescribed  conditions  on  the  initial  and  final  values  r(o) , 
v(0),  w(0 )  ,  r(t2),  v(t2). 


The  problem  just  described  suggests  the  following  general 
problem  in  the  calculus  of  variations.  Consider  a  class  of 
functions  and  a  set  of  parameters 


a^(t)  and  b/° 


and  a  class  of  arcs 


(h  =  1 , . . . ,m;  1  , . . . ,r) 


(t) 


(t,  <:  t  <  t2;  i  =  1 , . . .  ,n 


connected  by  the  differential  equations 


(1  : 2 ) 

and  end  conditions 


q[  *=  Q^t.qja) 


(1:3) 


t  ]  3  T  i  ( b ) 


T2(b) 


q^t, )  -  Qit (b) 
q± ( t^ )  -  Qi2(b) 


We  seek  to  find  a  set  a^,  b^  ,  and  which  minimizes  a  function 


of  the  form 


g(b)  + 


L(  t ,  q  ,a  )dt . 


This  problem,  hereafter  referred  to  as  probl em  A,  is  one  of  bolza 
type  and  is  equivalent  to  the  problem  of  Bolza  under  an  assumption 
usually  made  in  the  development  of  its  theory. 

The  problem  described  initially  is  a  special  case  of  problem 
A  if  we  set  aj(t)  “o((t)j.  a2(t)  3  ^(t),  b)  =  t 2.  The  quantities 
q,  ,  .  . .  ,q7  denote  the  components  of  r  and  \r  and  w.  The  equations 
(1:1)  are  of  the  form  (1:2).  The  equations  (1:3)  described  the 
end  values  tj  =  0,  q^(tj)  =  constant,  q^(t2)  “  constant,  and 
tt  =  b|  .  The  function  to  be  minimized  is  I  *  g(b)  •=  bj  ,  the  time 
of  flight.  Normally,  q7(t2)  “  w(t2)  is  not  prescribed. 
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Froblrm  cf  bol:-:'.  The  problem  formulated  in  tne  last  section 
is  a  special  case  of  a  very  general  problem,  commonly  called  the 
problem  of  Qolaa.  This  problem  nas  been  formulated  in  many  ways. 

r  e  1  llor-inr  one.  Consider 


The  formulation  re  propose  to  use  i; 
a  cl  ss  o  ele  ent. 


x 


,(1.) 


(t 


i  > 


t  ;  /’  = 


>  t  .  C  "*  1  •  j  P  i 


made  up  set  of  niiKil  ers  (bj,...,b  )  and  s  set  cf  functions 


( t ) , . . . ,x  {t ) .  Cues  i  system  will  be  called  an  rc.  The  first 


r  rot  os  ents  jf  thi  '  rc  :re  constant:  .  e  sir  11  be  interested  on’y 
in  arcs  that  satisfy  a  system  of  d*  iTerent ial  equations 

U :  1  p  i  ( t ,  x ,  y  ’  j  =  0  (  i  *=  1  ,  .  .  .  ,  n  p  I 

■  e.i  1  conditions  * 

( •  :  -  I  t,  =  t ,  (b)  ,  :<i  ( t  j  )  =  X  .  f  ^  i 

t-  *  ^  >  xi(t->  “  Xi2(b'  ‘ 

" 

be  '  eek  in  a  class  of  area  satisfying  conditions  (1:1/  and  ( * : k) , 
one  -  r  ich  r..iniwii zes  fr  iction  of  the  form 


(2:3) 


,(b)  ♦  j 


(  b  ,  r  , 


,  i 


■  1 


Thi n  problem  i:  c- 11.  i  t  «  robl e _ o 1 z  n- i  'ill  be  referred 

t  o  .  ,»i.j  E .  Ob.eervo  th  t  if  there  ro  no  x  ’  s  or.o  h*  s  a 

mini.  lu-1 


nrobl 


r. .  o  .  v  •  .r  n  junction  oi  r  vm 


le :  b b  . 


If  tr  re 
the  C3  5®  of  ’  s 
Mr.  n 


V,  , 


fixed  end  noir.t  uroble  . 


.e  admit. 


Tr.i:  cr.se  is  commonly  c-:  J  led  the  T'ohi  err  of 


The  renerql  rosier.  *.  for'  air  t  d  in  the  1  st  sect  ion  is 


reuucible  to  ore  of  :vc.t  b .  To  this 


a  we  net 


c 
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The  problem  of  minimizing  I  subject  to  the  conditions  (2:6)  and 
(2:7)  is  clearly  equivalent  to  problem  A. 

Conversely  problem  B  can  be  reduced  to  one  of  type  A  if  one 
assumes  that  there  exist  m  -  p  —  n  functions  ^n+^(t,x,x') 

(:  ■  l,...,m)  of  class  cu  such  that  the  equations 

^(t.x.x*  )  -  0 

*n*h(t’x’x,)  “  ah 
have  unique  solutions 

(2:8)  x!j  -  P j ( t , x , a )  ( j  -  1,...,p) 

on  the  domain  under  consideration.  The  functions  x.(t)  are  then 

J 

completely  determined  when  the  values  of  x-(t,)  and  a.(t)  are 

J 

known.  Consequently  if  we  eliminate  the  derivatives  x'.  appearing 

J 

in  (2:3)  problem  3  becomes  equivalent  to  that  of  minimizing 

v  ft2 

I  «  g(b)  ♦  J  f(t,x,  P(t,x,a))dt 

t  j 

in  a  class  of  arcs 

3jj(t  )  •  bp  ,  Xj(t)  (tj  ^  t  <  tg) 

satisfying  the  conditions  (2:8)  and  (2:1).  This  problem  is  of 
type  A  with  q^(t)  -  Xj(t). 

The  problem  of  Bolza  as  formulated  above  has  been  studied 
extensively  in  the  literature.  A  comprehensive  treatment  of  this 
problem  can  be  found  in  a  recent  book  by  G.  A.  Bliss  entitled 
"Lectures  in  the  Calculus  of  Variations"  published  by  the  Univer¬ 
sity  of  Chicago  Press.  In  this  book  an  extensive  bibliography 
can  be  found  for  this  problem.  The  formulation  giver,  by  Bliss 
differs  somewhat  in  detail  with  the  one  here  given.  However, 
Bliss  indicates  how  to  interpret  his  results  for  the  case  here 
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considered.  The  next  section  will  be  devoted  to  these  interpre¬ 
tations.  i 

•» 

3.  Necessary  conditions  for  a  minimum  for  problem  B. 

Consider  now  the  problem  B  formulated  at  the  beginning  of  Section  2. 
In  this  problem  the  variables  b  ■  (bjt...,br)  are  restricted  to  lie 

on  an  open  set  B  and  the  element  (t,x,x*)  to  lie  in  an  open  set 
In  the  sequel  We  shall  restrict  ourselves  to  elements  of  this  type, 
called  admissible  elements .  even  though  no  explicit  mention  may  be 
made  of  this  fact.  An  arc  C 

C .  bp  x  j  ( t )  (tj  ^t^tgj^’*  1 , . . .  ,r;  j  “  1,...,p) 

will  be  called  admi ssible  if  (l)  the  functions  x^(t)  are  continuous 

and  have  piecewise  continuous  derivatives  on  tj  t2  and  (2)  its 
elements  (b,t,x,x')  are  admissible.  We  shall  be  concerned  only 
with  admissible  arcs.  Consequently  the  adjective  "admissible" 
usually  will  be  omitted. 

Consider  now  an  arc  C<j  that  is  a  solution  to  our  problem. 

We  make  the  following  assumptions  regarding  C0 . 

1)  The  arc  C0  is  of  class  C" ,  that  is,  the  functions  x,(t) 

'  J 

defining  C0  have  continuous  first  and  second  derivatives 

2)  The  matrix  il  1 1  ha  6  rank  n  on  C0 

1XJ 

3)  The  arc  Co  is  normal  in  the  sense  to  be  described  later 
in  this  section.  The  abnormal  case  is  highly  singular  and  will 
not  be  descussed.  Moreover  it  is  not  .likely  to  occur  in  applica¬ 
tions  if  the  problem  is  properly  formulated. 

Under  these  hypotheses  there  exists  a  unique  set  of  continu¬ 
ous  multipliers  ^(t)  such  that  if  we  set  _ 

F(t,x,xl>)  "  f  +  (i  summed) 

the  conditions  I,  II,  III,  IV  described  below  hold  on  G0 . 
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?ary  conaJ 


l.  Along  C0  the  Euler— 


Larrar.rre  equations 


(3:1  ) 


jf  (F^'FX,)  -  Ft.  -g-  rx,  -  rXj  ,  i  t  -  o 


hold.  Moreover,  the  end  values  of  Cn  are  such  that  the  transver— 
sality  condition 


(3:1') 


LIF  -  ‘-i  V  V  *  F*J  x^s-,  *  g'  * 0 


hold .  where  the  subscript  P  on  T  ( b ) ,  X.,  (b),  /  denotes  the 

derivative  with  respect  to  b/>  evaluated  on  C0 .  The  quantity  in 
the  brackets  is  to  be  evaluated  at  the  final  enlpoint  of  C0  when 
s  »  2  and  at  the  initial  endpoint  when  s  ■  1 . 

II.  The  necessary  condition  of  Welerstrass.  At  each  element 
( t , x  , x '  ,  a )  on  Cfi  the  Inequality 

E(t ,x,x' , A,X ’ )  >  0  , 

holds  lor  every  admissible  element  (t,x,X')>  wnere 

E  -  F(X')  -  F(x')  -  (X^  -  x’ )  F^(x’)  . 

and  the  elemente  not  exhibited  are  (t,x,A). 


III.  The  necessary  condition  of  Clebsch  ( Legenare ,  . 
each  element  (t,x,x’,A)  on  C0  the  inequality 

F  .  .  rr .  tt  >  0 
j  k  - 

holds  for  every  solution  (nr)  /  (0)  uf  the  equations 

S  "J  ‘ 


0 
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At  this  point  it  is  convenient  to  introduce  the  concept  of 
nonsingularity.  The  arc  C0  will  be  eaid  to  be  non  singular  in 
case  the  determinant 

!  Fx’x’  ^ix'l 

i  xjxk  j 

(i,h  ■  l,...,n;  j,k  - 

[*x£  0  { 

is' different  from  sero.  This  condition  insures  the  existence  of 
a  2p-parameter  family  of  solutions  of  the  Euler  Equations  (3:1 ) - 
having  CQ  as  one  of  its  members. 

It  reimains  to  describe  condition  IV.  To  this  end  we  need  to 
introduce  the  concept  of  variations.  Consider  therefore  a  one- 
pa  raweter  family  of  arcs  > 

»  x  (t,a)  t,(a)  £  t  £  t2(a) 

satisfying  the  conditions  of  our  probl-em  and  containing  C0  for 
a  -  0.  Let  the  operator  &  denote  the  derivative  with  respect  to 
a  evaluated  at  a  ■  0.  The  quantity 

y  :  ^ 

is  called  the  variation  of  the  family  along  Co-  Inasmuch  as 

)^i(t,x(t,a),  x'(t,a))  -  0 
is  an  identity  in  a  we  have 


^i  *  ^ixj  5xj  4  *ix}  ix'i  “  0 

Consequently  the  variation  V  satisfies  the  equations  of  variation 

(3:3)  5 y*  ^ix^j  "  0 

of  alon^  C0 ,  the  derivatives  of  ^  being  evaluated  on  C0 . 


-lo¬ 


ts  »  1,2) 


I 

Turr.ii  *  nnw  to  the  end  conditions  we  observe  that  t  (a)  “  T  (b(a)) 

S  3 

(s  "  1,1'.  rieiice,  the  equat  cms 

x  LT  s  (  d  (  a )  )  ,  j  j  -  XJ)S  t a  )_|  (s  -  1,2) 

hold  identically  in  a.  Operating  by  $  yields 

*j(t8,rv^  *  i  x j(tsi  “  xjs fihr 

where,  s  before,  the  subscript  *  on  T  ,  X.  denotes  the  derivative 
—  s  J  s 

with  respect  to  b,»  evnlivitea  cn  C0.  Setting 


<  3 


CJO  ’  his,  - 


it  is  seer  that  tne  variation  t  satisfies  variational  end  conditions 


(3:5) 


yv 


V.e  are  now  in  position  to  define 


(  s  -  1 , 2J  . 


a  system  of  the 


1  i  (  ^  ) 


(t,  <  t  <  ta) 


will  be  called  a  variation  in  case  the  functions  5-;(t)  are 

J 

continuous  and  have  piecewise  continuous  derivatives  on  tj  t2. 

The  arc  Cc  will  ne  said  to  be  normal  if  there  exist  ?p  variations 

^  :  >  5j<r^  ^ 1 1  -  t  £  ts;  T  “  1 . ^p) 

satisfying  equations  (30),  no  proper  linear  combination  of  which 
satisfies  equations  (30).  i>uch  a  family  has  this  latter  property 
if  anu  only  if  the  determinant 

5j«-(t,  )  _  CjU 

“  Cj2'  ^<r 

is  different  from  zero.  For  a  normal  arc  C0  ever /  variation  y 
satisfying  equations  (30)  and*(30)  it  related  to  a  or.e  parameter 
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family  C.  in  the  sense  described  in  the  preceding  paragraph. 

This  am y  not  be  the  case  for  abnormal  problems..  In  fact  if  ZQ  Is. 
abnormal,  it  may  be  the  only  arc  satisfying  the  conditions  of  our 
problem. 

*  <  '  »  .  , 

When  the  integral  I  is  evaluated  along  the  family  C&  described 

above  and  is  differentiated  twice  with  respect  to  a •  a  »  0, 
one  obtains  the  second  variation  I2(r)  of  I  along  C0.  By  means  of 
suitable  manipulations  the  second  variation  I^d”)  can  be  pot  in  the 
form  * 


(■**  > 

Ia(y)  *  ♦  J  2w(t,§,5* 


Y 

*  a  ‘ . 

■  •vr' 


where  /a,<r  *  l,...,rj  |,k  ■  t 

2‘  ■  V*5^  * 2  Vi  W  4  Vi5^  -  , 

* 

V  ■  [«t  -  P*/  *.,T^  *  r./VlV  *  VW 

the  subscripts  denoting  derivatives  with  respect  to  b<  and 

b^.  evaluated  on  C0. 

k 

The  fourth  necessary  condition  can  n c.  a  stated  as  follows: 


of  I  along  C0  is  nonnegatii 
equations  (3:3)  ar^,  (3:5). 


The  second  variation  I2  (JO 


4.  Necessary  conditions  for  a  minimum  for  problem  A. 

The  results  described  in  the  last  section  can  be  used  to 
obtain  necessar"  conditions  for  a  minimum  for  problem  A.  In 
problem  A  the  parameters  b  ■  (bj,...,br)  are  restricted  to  lie 
on  an  open  set  B  and  (t,q,a)  to  lie  in  an  open  set  3.  V.'e  admit 
only  arcs 

C:  ah(t)  »  b/*  »  (t,  <  t  <:  x2» 

with  b  in  B,  (t,q,a)  in  S,  the  functions  q^(t)  being  piecewise 
continuous . 

Consider  now  a  minimising  arc  C0  having  the  following  two 
properties:  ( 

1)  the  functions  q|(t)  ,  ah(t)  belonging  to  C0  are  continuous 
and  possess  continuous  derivatives. 

2)  the  arc  CQ  is  normal  in  the  sense  described  below.  Under 
these  assumptions  there  exist  unique  multipliers  p^(t)  of  class 

C'  such  that  if  we  set 

H(t,q,p,a)  -  piQi  -  L, 

the  arc  C0  satisfies  t!ie  conditions  I,  II,  III,  IV  described 
below. . 

I.  The  fi rat  necessary  condition.  On  C0  the  equations 

( 4 : 1  )  qi  -  H  ,  pj  -  -  H  ,  H  -  0 
1  pi  3  qi  ah 

hold  and  hence  also  the  equati on 
U:ii  3t-  H  ■  Ht  • 

Moreover .  the  end  values  of  C0  are  such  that  the  traneversality 
condition 

UO!  [H  TS|.  .  Pl  ‘  *  .  g»  -  0 


holds . 
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In  order  to  establish  this  result  we  introduce  new  variables 
Xj(t)  (j  ■  1 . n  ♦  m)  defined  by  equations  (2:4)  together  with 

additional  end  conditions 


L(ti;  *  °.  Xn>h(t^  *  bi 


( h  * 


Since  a^  -  xn+h  ^  be  convenient  to  use  a^  and  x^+^  inter¬ 

changeably.  Similarly  we  shall  use  in  place  of  when  it  is 

convenient  to  do  so. 

Set J 

F(t,x,x;p)  *  L ( t , q, a )  ♦  Pi(q,[  “  Q^t.q.a))  . 


It  is  clear  that 


Consequently 


F  ♦  H  - 


(4:4) 


Ft  f  ‘Ht  *  \  “  ~\  »  Fx’  “  Pi  {i  '  1 . n) 

I 

F  “  0  ,  F  ,  *  — H  ,  F  —  x!  F  ,  *  — H 

n+h  r.+  h-  £h  1  xi 


Using  these  facts  the  Euler  Lagrange  equations 

Hx“  Fxl  *  Fx.  *  XT  Fx'h  •  F>  '  »  xi  “  *i 

1  i  n+h  n-'-b 

take  the  form 

^  "  -Hqi  »  Hah  “  cor‘st‘  *  qi  "  HPi 

jsing  the  part  of  the  transversality  condition  (3:2)  correspond¬ 
ing  to  the  new  parameters  br+1 , . . .  .b^^  we  find  that 

H  -  0  1 


at  t  ■  t2  and  hence  on  the  whole  interval  t| 't2.  The  equation* 
(4:1)  accordingly  hold.  Inasmuch  as 


•  >v 


?,  V*  *  *  '■  :.r  -•  v 

*■■  •,  ‘i  v>  •  .1*  ^  •<  «  .<*$4  y- 

•  ‘  ^  <  4-  *  »  *  VHM* 

-■  ’  ^  .>v.  "  V.  *V'’~>''^''; 

«.  *  *>*"*;■<  .'  v-  >  3^  *  ■■'*>  ■'  '  rw 

-<v  X.  v4s?: 

■■*■-••  ,"••  j, 

F  —  xi  F  •  t  —  xi  ^  ,  ~  x»  K  F  i  •  >  V  ;'v4v 

u.j)  J  1  ■  ■  1  ’*  ^ 

"  '-H  ♦  ftw  -'HC  j  ,,  -;  v 

^  y*  -•'■  /  :*  .-.; 

and  H  ■>  0  the  condition  (4:20  and  (4:3)  follow  from  thfc  remain—,  1  v  -  <  >> 

*h  >.  *  '  -'-v  ••■  - 

ing  condition*  (3:1)  and  f3:2).  “V  ,  '  *  ... 

/  <j£» 

It  is  interesting  to  obsf rve  that  in  case  the  "«quatlQn8  -• 

^  are  oX  the  .  f ofti  . o  '  y*A’’;  •  ^ 


* 

«,  >  *  - 


■  *  a!  -  a.  v*  **  ' 

*  *  *  **"  -  %  T*  - K 

ao  that  a,  is  but  another  eyobol  fer  qlf  hare  f“ 

1  '*  Y  ’ 

v  «  ■  ’  '  •  t*  <  *■* 

H  .  •  p.  -  L  *vp.  .—  L  ,  .  ' 

a;  *'1  \  .  a4  <ri  qJ  .  -  ,  *v 

•  *• .  ,  . 

Consequently  nlong^  solution  of  equations  (4:l),  p^are.th#  . 

««hnonical  variableeaad  H  coincide*  with  the  Hamiltonian  f\inctio&i‘,  ^  A 

*  i  *  *  y  ^  |*  *. 

It  follows  that  the 'function*  and  H  here  used  can  be  considerT*^"^  ^ 
to  be  a  generalization  of  these  qtiantltie*.  V;.  '  ‘ %>fc, 

•  ■*  .  ^  *  ,  v 

When  the  1/Jeierstrass  E— function  for  problem  B  is  interpreted  *, 

in  terms  of  H  for  problem  A  by  the  use  of  (4^4)  end  (J^:3)  it  takes 
the  form  /  >iV 

(4:6)  Blt,q,pta,A)  -  -Rtt,q,p,A)  ♦  H(t,q,p,a)  ♦ 

(W  V  {t»q»P*a)*  .  ft  * 


Inasmuch  as  H  •  0  along  C0  we  have 
ah 


II.  The  neceesai 


Along  t0 


H(t,q,p,A)  ^  H(t,q,p,a) 


must  hold  for  evenr 


element  (t,q,A). 


Thus,  H  has  a  maximum  value  with  respect  to  a.  along  a  mini— 


sizing  curve  C0 , 


>*  ^  n  * 

*  *. 

't.  ^  ^ 


;  <»  •  .  r  > 


element  ( t ,  q ,  p ,  a  )  of  CQ  the  inequality 
Hah.>kVk  S  0 

must  hoi  i  for  every  set  ( tt )  f  ( 0 )  . 

The  condition  of  nonsingularit y  for  problem  B  when  interpreted 
for  problem  A  yields  the  following  condition.  The  arc  is  no, .sin  ~ 
in  case  the  determinant 

‘  Ha  n  ‘ 
dhak 

is  different  from  zero  along  C0. 


For  problem  A  a  system 

*  :  o<h(t)  .  .  lift) 


ft  I  S  t  a 


will  be  called  a  variation  in  c,;se  the  functions  ^-(t)  are  con¬ 
tinuous  and  ^ift),  &j(t)  are  piecewise  continuous  on  t,t_.  The 

analogues  of  equations  (3:3)  are 


(4:7) 


•^i  ^iq.  +  ^ia^fh 


and  the  analogue  of  (3:5)  is 

U:t‘)  -  Clr>/j^ 

where ,  as  in  problem  B, 

(4:9)  C.s^  =  Qis^-  qj( 


(s  -  1,2), 


=  Q.  -  q ! ( t  )  T 

lS/>  S  S/ 


evaluated  on  C0 . 


The  arc  C0  is  noryul  if  there  exists  a  set  of  2n— variations 


:  =><h/^ 


*  5i-(t) 


(/*  =  1  ,  .  .  .  ,  2n ) 


satisfying  equations  (4:7),  no  proper  linear  co ’.bination  of  which 
satisfies  equations  (4:£). 
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The  second  variation  of  I  along  C0  takes  tie  form 

I,j(<y)  =  B ^  i  2  2w(t,  ^,°()dt 


where 

2w  *  "qiq<  *  2"qiah  Vl h  * 

*  (•„  -|_H  -  HZlSfr  * 

““  s  = 

+H(y.  T+Q.T)j 
V  iS/  s*-  isr  t^;Jr  =  1 

A.S  before  the  subscripts  ^,<rdenote  derivatives  with  re  pectto 
b^  and  bg-. 

IV .  The  second  order  condition .  The  second  variation  1 2  ( <30  of  I 
along  Cn— rs  nonnegutive  f or  every  variation  %  satisfying  equations 
(6:7)  and  (4:6). 


5.  The  Case  L  s.  0.  In  the  applications  v;ith  which  we  shall  be 
concerned  the  integrand  L  is  identically  zero.  In  this  case  an 
important  phenomenon  occurs  which  we  shall  now  explain.  To  this  end  we 
shall  need  the  following. 

Lemma  5 : 1  Sujnoose  L  g  0  and  let  Cn  be  an  arc  satisfying  the 
Euler— Lagrr.nn-e  equations  ( 6 : 1  )  with  a  set  of  multipliers  p ^ ,  then 
the  relation 

(5:1)  '  p i  ( t  )  ( t )  =  constant 

holds  for  every  variation  S'  satisfying  equations  (6:7). 

For  if  we  multiply  equations  (6:7)  by  we  obtain  the  relation 

Pi*i  -  Vi +  Vn  =  °- 

Using  the  Euler— Lagrange  equations  (6:1 )  this  becomes 

Pi^i  +  *±$1  =  df-  (Pi^i}  =  0 

that  is,  is  a  constant,  as  was  to  be  proved. 
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The  functions  p^(t)  being  solutions  of  a  system  of  linear 
equations 

pj  “  _7jQjqi 

do  not  vanish  simultaneously  unless  they  are  identically  zero. 

The  multipliers  associated  with  a  minimizing  arc  do  not  vanish 
identically.  Hence  equations  (5:1 )  state  that  the  end  value 
}^(tj)  and  Ji^(t2)  for  a  solution  of  the  equations  (4:7)  are  not 
independent,  that  is,  one  cannot  assign  the  values  £^(t,)  and 
5^(t2)  arbitrarily  and  expect  to  be  able  to  find  a  solution  of 
equations  (4:7)  passing  through  the  points  (t],^i(t1)),  (t2,^(t2)). 

When  this  result  is  interpreted  in  terms  of  the  original  system  of 
equations  q!  =  (t,q,a)  it  means  that  we  cannot,  in  general,  expect 

to  be  able  to  find  a  solution  of  the  equation  =  Q^(t,q,a) 

passing  through  an  arbitrarily  chosen  pair  of  points  (t,,q(t,)) 
(t)fq(t2))  is  a  neighborhood  of  the  end  values  of  C0. 

In  order  to  illustrate  the  phenomenon,  consider  the  case 
when  n  "  2,  t  -  x,  qj  =  y,  ~  z  and  the  differential  equations 
takes  the  form 

y'  =  a  ,  z 1  =  >rr+  a2 

Then  z(x)  measures  the  arc  length  of  the  curve  y(x)  in  (x,y)  space. 
The  equations  (4:1)  ’with  H  =  p{  a  +  p2  N 1  +  a2  take  the  form 


y’  “  a,  z'  =  ^l  +  a2  ,  pj  =  0,  pi  *  0,  p,  +  p2  a  =  0 

>Jl  +  a2 

Thus  p,— and  p2  are  constants.  Setting 

sin  6  =  -p,/p2 

these  equations  reduce  to  the  system 


z'  =  ‘Jl  +  y’2  , 


|l  +  y’ 


”  sin  e 


It  follows  t  at  y’  *  tan®  and  hence  that 

y  =  x  tan  5  +  d  ,  :  =  x  sec  s  +e 


-1  fl¬ 


are  the  solutions  of  the  hulei — Lagrange  equations.  The  solutions 
that  pass  through  the  origin  are  given  by 

y  =  x  tan  <?  ,  z  =  x  sec  © 

and  hence  lie  on  the  cone 

z  z  z 

z  -  ■  x  +  y 

The  arcs  satisfying  the  given  equations  z1  =  '|_1  +  y  ’  ^  and 
passing  through  the  origin  must  lie  interior  to  this  cone.  To 
see  this  we  need  only  recall  that  z  denotes  the  length  of  arc 
of.  the  projection  of  the  curve  in  the  xy— plane.  Consequently  z 
must  exceed  or  equal  the  distance  x2  +  y^  of  the  point  (x,y) 
to  the  origin,  that  is,  z  >  >Jx^  +  y^  ,  as  was  to  be  shown.  Since 
a  solution  of  the  Culer  equations  lies  on  the  cone  there  exists 
points,  nearly  (namely,  those  exterior  to  the  cone)  which  cannot 
be  joined  to  the  origin  by  an  arc  satisfying  the  given  differential 
equations  z'  *  J  1  +  y *  *  . 


equations  z  *  \j  1  +  y’*  . 

The  situation  we  have  just  described  is  characteristic  of 
problems  in  which  the  integrand  L  is  identically  zero. 

6 .  The  aerodynamic  equations  of  an  airplane  in  terms  of 
right— handed  coordina te  systems  .  The  differential  equations  of 
motion  of  an  airplane  are  given  by  equations  (1:1)  in  the  intro¬ 
duction.  We  shall  now  select  a  suitable  coordinate  system  to  which 
the  theory  described  in  the  preceding  sections  can  be  applied.  It 
will  be  convenient  to  derive  our  equations  vectorially,  using  right- 
handed  coordinate  systems.  These  results  will  then  be  interpreted 
in  terms  of  the  left-handed  systems  normally  used.  ..e  restrict  our¬ 
selves  to  short  pa tli s  in  which  the  curvature  of  the  earth  need  not 
be  taken  into  account, 

As  a  reference  frame  we  choose  a  right-handed  system  of 
x— ,  y— ,  z—  axes,  with  z  denoting  the  altitude  of  the  point  (x,y,z). 
Let  3c,  '±0,  to  denote  unit  vectors  in  the  direction  of  the  x— ,  y— ,  %- 
axes  respectively.  Let  |  be  a  unit  vector  in  the  direction  of  the 
velocity  V  of  the  airplane  and  let  be  unit  vector  in  the  direction 
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of  the  lift.  The  right  handed  triple  ]2  =  1.  x  will  be  used 

to  describe  the  orient, jtion  of  the  airplane.  The  system  b  ,  2_,  £ 
can  be  obtained  from  the  system  |_o »  2.s »  £.c  by  three  successive 
rotations,  as  follows: 

First,  a  rotation  about  C0  through  an  angle  & ,  called  aaimut h 
an^le .  to  yieli  a  system  l.i  ,  \\  ,  “  £0  • 

Second,  a  rotation  about  through  an  angle  S  ,  cilleu  the 
a  n^le  of  live .  to  obtain  a  system  j^,  2^  =  !Li  1  ^2  ’with 

Third,  a  rotation  about  =  JS  through  an  angle  p  ,  called 
the  an  Pile  of  bank .  to  yield  the  system  *[,  2., 

The  vectors  described  in  the  Introduction  are  of  the  form 

v  =  v  i  ,  'D  =  -J5  ,  1  =  L t  , 

(6:1  ) 

T  =  T(j£  cos  <<  +  f  sin«(  ),  w  =  -\v£0 

where  o<  is  the  angle  of  attack. 

We  are  now  in  position  to  prove  the  following 
Theorem  0 : 1  The  f -■actions  x(t),  y  ( t )  ,  2  ( t )  describing 
hi  c  ro.; it  ion  of  the  plane  at  the  time  z  are  connected  v.  1  th  the 
.need  v ( t )  ,  the  azimuth  angle  & ( t )  ,  the  ~ ngle  of  dive  $  ( t )  ,  the 
angle  of  bank  /$  (t) ,  the  angle  of  attack  s<  (t )  ,  the  weight  w ( t )  by 
t~  a  equ a t i or r 

x  =  v  cos  9  cor  8 
y  *  v  sin  <9  cos  8 
z  =  —v  sin  S 

v  |T  coek  —  D  — v  W j  +  g  sin  S 

W  ■  E 

(  ■:?)  S  a  ^  cor  /J  [T  sin  oC  +  Lj  +  cos  5 

vw  _  v 

<9  =  p  sec  §  sin  ^  lJ  sin  +  Lj 

.  "  .v  • 

V.'  = 

where  T  is_  the  t .  rust  .  L  is_  the  lift.  D  i_s  the  d rap .  g  i_s  the 
pra vitational  accelerat ion .  and  w  dercr ibes  the  rate  of  chanpe  of 
wej  pht .  The  acceleration  o£  the  pin  ne  in  the  dir  ec1-  lor,  of  the 
1 i ft  is  given  by  . .  ^ 


(6:3)  A,  “  _g_  [J  sin  aC  +  Lj  -  g  cor  $  cos  p 

w 

*  —v  (  <s?  cos  S  sin  ft  +  &  cos  5  ) 

The  first  three  relations  follow  from  the  fact  that  the 
direction  cosines  of  v  =  vj  with  respect  to  the  xyz— coordira te 
system  are 

(6:4)  1,'i.o  ~  cos  ®  cos  S  ,  i’2o  =  sin  £  cos  S  ,  =— sin  j  . 

In  order  to  derive  formula  for  tie  acceleration  recall  that 

A.  =  d  ( v  § )  =  vj-  +  vAxj 
dt 

where  yi.  is  the  angular  velocity  of  the  reference  f  rame 
The  vectorA  is  the  sum  of  ti  ree  angular  velocities 

-2  =  fil  +  Si,  +  *& 

by  virtue  of  our  choice  of  the  angler  pt$,&.  It  follows  that  the 
components  Aj ,  A ^ ,  \gof  A.  in  ti  e  directions  2>  ta  -re 

A ^  “  $ 

A>£  »  =  vvj  x  ^.-2  ~  VjO-.^  v  ■*  v  6 

A  ^  **  A._C  =  v/lx  =  — vdTu  =  — vi  if,  — v^l^.22 

Observing  that 


(u:5)  Il*ii  =  co:  ^  ,  l.fo  =  cos  $  sin 

i*i,  =  -  siu  /®  *  "i*iu  =  cos  S  cos 
we  ’ind  that 


(6:6) 

Solving 


A|  =  * 

i|°  v(-  J  sin  +  0  cos  S  cos/?)  . 

^  *  — v(  ?  cos  /}  +  &  cos  sin/?)  . 

the  last  two  equations  for  5  and  #  we  obtain 
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Returning  no1.’  to  equation  (1:1),  that  is,  to  the  relation 

-4r(-  v)  =— A+— v*T+D+L+W 
Jtvg  g  -  g  ~  ~  “  ~ 


and  making  use  of  (6 : 1 ) , (6 :4)  and  (6:5)  it  is  seen  that  the 


component: 


5'  V  1K< 


|j  cosoC  -D  -V  Wj  +  g  s>ini 

g 


(6:8)  *  — g  cos  5  sin  p 

1 1  ^  |_T  sin  X  +  Lj  — g  cos  $  cos  /S'  . 

Consequently 

A  «  sin  4  +  A/  cos  4  =  g  cos/f  |T  sin  X  +  Lj  — g  cos  5 

(  5  w 


A>^  cos/?  — , A  £  sin  ^  =  —  g  sin ,6  |_T  r i n  X  +  Lj 

w 

Combining  these  results  with  (6:7)  gives  the  formulas  for  %  and  3  in 
(6:2).  The  formula  for  $  =  A ^  in  (6:2)  is  obt  ined  from  the  *  irst 
equation  in  (6:8).  Equation  (6:3)  follows  from  (6:8)  and  (o:o). 

7 .  Tne  a.  no  :  anic  equations  pt  an  _ ir  ai  ..q  in  terras  of 
a  left  handed  r  /stem.  The  coordinate  system  used  in  the  last 
section  was  chosen  so  that  the  rules  in  vector  analysis  could  be 
applied  directly.  As  s  result  the  azimuth,  angle  is  measured  in  a 
counterclockwise  as  viewed  by  the  pilot.  In  practice  the  azi  mth  angle 
is  normally  measured  in  the  clockv/ise  direction.  ..e  s hall  accoruii  gly 
replace  &  by  —  $  and  shall  reverse  the  y— axis  so  that  a  lefthanued 
system  is  obtained.  .,e  shall  also  replace  t  e  angle  of  dive  §  by  the 
jrrgle  of  climb  <h"=  —S.  '■! hen  these  changes  have  been  made  Theorem  6:1 
c  n  be  restated  as  follows: 


) 


( 


— 22— 

Theorem  7 : 1  Let  the  r  osit  ion  oi  the  pin  ne  be  aescr  ibed 
by  a  left  ha nded.  coor dl note  sy ste...  wi  t  h  the  z  —ax i s  as  the  ver  tical 
•axis .  The  i  unctions  x(t),  y(t),  z  '  t )  aesci  i  binr  the  position  of 
the  plane  at  any  time  t  are  connected  with  the  sceed  v(t ) ,  the 
azimuth  aryrle  9  ( t )  ,  the  angle  oi1  climb  y  ( t )  ,  the  angle  of  bank  /f  ( t )  , 
the  angle  of  attack  c<  ( t )  ,  the  weight  w ( t )  ,  b^  t  h  a  di  ff erential 


v  cos  9  cos  / 
v  sin  9  cos  <f 
v  sin  if 

^  lT  cos*  —  D  -  v  1!  j  -  g  sin^ 

g 

g  cos  A  [T  sin«(  +  L  j  -  ^  cos  ^ 

VW  V 

K  sec  ih  sin  L  T  sin  ck  +  L  j 
vw 

• 

v; 

where  T  _is  the  thrust .  L  _is  t  he  lift.  D  _is  t Y a  irag .  p  i_s  the 
gravjm  tional  acceler  it  ion .  and  'ft  le  c  cr  1  be.:  the  rate  of  change 
of  -eight .  The  accel  eration  of  tl ;e  pi"  ne  in  the  Ji ruction 
of  the  1  i ft  ijs  river  by 


equations 


(7:1  ) 


x 

f 

i 


y 


4m 


9 

w 


(7:2)  Al  **  £  [T  rin  k  +  L  j  -  g  cos  /  coo  ^ 

w 

=*  v  (  5»  cos  >f  sin  (i  +  y  cosfi) 

?.  Path,  of  lea st  time .  u  ire. tricte  l  c a se .  Consider  now 
an  airplane  P  with  initial  conditions 

x  =  x,  ,  y  =  y,  ,  7.  =  z,  ,  v  =  v,  ,  3  =  *|  ,  0  =  0 ,  ,  w  =  w,  ,  at  t, 
to  determine  the  path  v;ith  terminal  conditions 


37  ,  £  =  & ^  at  t  =  t2 


0 


x 


x_,  y 


>h£,  Z  *  Z.,  V 


V 
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traversed  in  the  least  time  t2  •  It  is  understood  tl  at  ti.e 
equations  of  notion  - re  those  described  in  the  last  section. 

This  problem  is  of  the  type  described  in  Section  4  if  we  ret 

a,  (t)  =  *{t)  ,  a2(tj  =  /?(t)  ,  b,  =  T,_,  b2  =  w2  =  Q 

7  2 

q,(t)  =  x(t),  q2(t)  =  y(t),  q  3 ( t )  =  Z(t),  q4(t)  =  v(t) 

q5(t)  =  fit),  q6(t)  =  0(t),  q 7 ( t )  =  w,  ft(b)  =  b,,  L  5  0 

I!'  we  denote  the  multipliers  introduced  in  section  U  by 

Px,  Py,  PZ,  PV,  P.W 

respectively,  then  the  function  H  takes  the  form 

H  *  v(pv  cos  &  cos/  +  d  sin  Q  cos/  +  r  sinr) 

X.  y  Z 

— g  (p  sin  X  +  cos  ) 
v 

px)  9 

+— —■  (T  cos;*  -  D  -  v,  W) 

g 

+vT“  ^  ~in  ^  +  cos  sec  /  sin/?l 

+  PV,  w 

It  is  convenient  to  divide  H  into  three  parts 


(6:1  ) 
where 


(8:2) 


H  =  F  —  G  +  pw  W, 

F  =  v(px  cos  0  cos  X  +  p  sin  0  coo/  +  sin/"  ) 

-g( Pv  sin  /  +  p*  cos  /  ) , 
v 

U  ^ '  v  |  D  —  T  cos  +  X  w  I 

w  *-  g  J 


LT  sin  -<  +  L  J  ( p^,  cos  /5  +  p^  sec  sin  /?) 


-*'4- 


The  function  F  is  independent  of  the  characteristics  of  the 
airplane  and  the  function  G  depends  upon  these  characteristics. 


The  system  of  equations  (4:1)  gives  us  in  addition  to  equation 
(7:1)  the  equations 


-  H  =0 

x 


Hy 

-h  = 


■  0 
n  __ 


p  w 

z 


(8:3) 


°v  -  *v  "  PwWv 


°  “V  =  ~ 

=  ~H©  *  -Ffl 


ft 

w 


u 

‘V. 


-Hv 

Q* 

G, 


w 


0 

0 


The  transversality  conditions  (4:3)  .'ith  b,  =  t^,  =  w,,,  g  =  bj 

yields  the  relations 


(6:4) 


H  = 


PW  =  0 


>t  t  =  t. 


Since  H  is  independent  of  t  equation  (4:2)  tells  us  that  H  is  a 
constant  along  the  path.  Consequently,  by  (S:l)  and  (6:4) 

.  i 

H  =  F  —  G  +  d  .(  =  1 
■  w 

or 

1  —  d  +  G 


(8:5) 


w 


The  equations  £>  =  G  may  be  replaced  by  equation  (S:5)* 

V/e  now  turn  to  the  equations  G^  =  G^  =  0  in  (6:3)  •  In  order  to 
determine  the  consequences  of  tl  ese  equations  xe  as.su  >e  that  D  and 
L  are  expressible  in  the  for:.. 


-25- 


L  =  L|  X  ,  D  =  D0  +  o*.  2 

where  Lj ,  D0 ,  D2  are  independent  of  X  .  Moreover  we  assure  that 
oi.  is  so  small,  that  we  can  replace  sin  X  by  c<  and  cos  X  by  1.  Then 

G  .  =  £_  fp  D^Xv  -  (T  +  L,)(p^  cos jS  +  pe  sec  X  sin/S  )  i  =  0. 
vw  L.  -* 

Hence , 

^  '  ' 1  ^  ^ y  cos  jS  +  sec  >r  sin  p )  . 

2  Pv  Pv 


Similar ly 

G,  =  —  £ _ L  T*  +  L  j  (—  p..  sin  &  +  p  sec  cos  ,<S  )  =  0. 

^  vw  _ 

Consequently 

(fi:7)  tan  =■  sec<h. 

In  these  derivations  we  h°ve  assumed  th  t  p^  and  p^,  do  not 
vanish.  ..e  shall  now  show  that  the  Legendre  condition  requires 
them  to  be  positive.  The  Legendre  condition  III  of  becti'o  A,  with 
the  equality  excluded,  states  that 

H*U  A2  +  2HX5  AB  +  B2  <  0 
unless  A  =  B  =  0.  In  terms  o-f  G  this  becomes 

A-  +  2G^^j  AB  +  Gpfi  B2  >  0 

unless  A  =  B  =  0.  From  the  theory  of  quadratic  forms  this  condition 
is  equivalent  to  tie  inequalities 


(£:G) 


a<+  >  0  • 


GX*  G p(S  >  G2^ 


Inasmuch  as 


=« 


r  d  E 
w  'v  ‘ 


we  cee  that  pv  must  be  positive  since  D2  is  known  to  be  positive. 
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Also 

G,  °  -  g  f  T  +  Lij(-P>  sin^  +  sec,*-  cos  /S  >  =  0 
p  vw 

by  virtue  of  the  equation  forecedinr  (t:?)  .  Consequ*  tly ,  by  ( C  :  6  ) 

G»*  ~  £_  L_Tck  +  L  j(p  cos  5  +  p  sec  y  sin  ,<3  )  >0. 

'  '  vw 

V.’e  have  accordingly 

— sin, 5  +  sec  ^  cos  ^  =  0 
p^,  cos  p  +  pfi  sec  ¥  sin  B>  0 

Inasmuch  as  cos  p  >  0  these  equations  can  hold  simultaneously  only 
in  case  p  y>  0,  as  can  be  seen  by  multiplying'  the  first  relation  by 
—sin  {3  and  the  second  by  cos  p  arid  adding. 

The  results  described  in  this  section  can  be  summarized  as 
follows . 

Theorem  6:1.  I_i  oja  air  pl.mit-  transverses  a  rath  o  i  lea  at  time 
with  end  values  nrescri  l  ed  as  described  above,  there  ex-.ct  ..ultii;]  im . 
px.  p  ,  p„,  py,  Py  ,  Ps  suer,  that  1 1.  e  following  relati  ons  hold  •dth  F 
and  G  d e f i ne  d  bv  eg  nations  (B:  2 ) 

i 

X  =  V  COS  &  COS  ¥ 

f  *  v  sin  6  cos  X 
t  =  v  sin  y 

■v  =  (T  —  D  —  v_  l.j  —  g  sin  y 

w  g 

X  ~  ii_  cos  p  j_Tst  +  Lj  —  rr_  cos  <y 
vw  •  ”  v 

^  =  £_  sec  y  sin  JfA  +  Lj 


I 


{8:0) 


fy?_  sec  / 

r 

G  —  ( 1  — F  +  G)  -z 

Z  •w 

.1 

Gy  -Fv  -(1-F  +  G) 


p  and  p  are  constants 
fx  y 

p  >  0,  p  >  0  along  the  path. 

V  *7 

F  —  G  =  1  at  t  3  t^. 


In  the  problem  for  .ulated  above  the  terminal  values  oi  x,  y,  z, 
v,  jr,  &  were  prescribed.  If  we  did  not  prescribe  one  of  these  v  lue 
say  x 2  *  then  the  problem  would  contain  an  additional  parameter  * 
and  the  transversality  condition  (4:3 )  would  require  that  p  =  0. 
Consequently ,  we  have  t  c  following 


Theorem  8:2.  l_f  the  "rob  lem  describe  i  above  is  .oui  lie  so  a 
to  not  prescribe  the  t*  ,..,i?  il  value  of  x  ti  en  the  t,  alt  1  c  He  r  p  =•  0 
at  t  “  t ^  •  A_  si-’-il  ~r  statement  holds  f or  the  remaining  v  a  i  1  b.r 
y ,  z  ,  v ,  2r  ,  s>  .  Iff  ry  or  vanishes  the  pr  obi  era  becomes  a  si  ng  ul  r  . 
a s  can  be  seen  from  the  f  jrmuln s  for  and  p  _in  (8:9)  . 

In  view  of  the  last  remark  it  follows  that  the  velocity  v  and 
the  angle  of  climb  ^  must  be  prescribed  at  the  end  value. 

9*  Mot  i oil  o f  an  air  pda ne  in  a  verti  ca  1  plane .  If  we  assume 
that  the  airplane  moves  in  a  vertical  plane,  the  angle  of  bank 
is  zero.  By  a  suitable  choice  of  axis  we  con  suppose  that  y  =  0 
and  that  the  x— axis  have  been  chosen  so  that  £  is  positive.  In 
this  case  the  equations  oi  motion  take  the  simpler  form 


i"T3f 


%  =  V  COS  y 

5  =  v  sin  ¥ 
<r  = 


— [T  coss<  —  D  —  v  Vkj  —  sin  Y 


(9:1  ) 


i — 


vw 


~(T  sin*  +  Lj  —  cos 


w  =  i 

As  in  Section  8,  set 

v(£_.  cos  <h  +  p  sin  & )  —  ;(p  sin  *■  +  p  co e/  ; 
x  y  \ 


(9:2) 


w 


p  UJ  -  T  cos  o(  +  v  V.’j  —  p  |_T  sin  os.  +  lj 

'  vw  ^ 


The  path  of  least  time  with  prescribed  initial  v  lues 

*1  ,  Z,  ,  V;  ,  ,  w,  ,  at  t  =  t ,  -  0 

ind  terminal  values 

“2  >  z2,  v,,  ^  at  t  -  t2 

satisfies  the  conditions  desciibed  in  the  followinr  tr.eorea:, 
•provided  we  replace  cos  m.  by  1  and  sin  <*  by*. 

Theorem  9:1-  IX  ;_n  ir;  1  r,t  ti  ver  s  t .  _  r  ,ti  ol  j  <  .  :  ti  , 
t2  wi th  end  v  lues  i  rerc.  1  bed  s  lescri  be  ■  .. a ov>.  .  t  ..ore  e~:  l^t  .  lti- 
nliers  p._,  p_ ,  p__.  p  such  th  t  the  follov.in  rel  fions  hold 

‘  X  '  V  ‘  ~  "™~  '  ""  Ir  l""~~ir 

X  =  V  cos  * 
z  =  v  sin 
V  =  , 


L_. 


(9:3) 


Vf 


vw 


v;  - 

-  - 

p« 


j_T  —  D  —  v  Vfj  — g  in  ^ 

e  > 


<_T*  +  Lj  -  £  cos  If 
v 


T  +  L, 
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A> 


(1  -  F  +  G) 


6  -  -  F 

V  ^ 

px  =  constant 

Pv  >  °>  >  0 

F  -  G  -  1  at  t  =  t2. 

In  those  equations  it  ijs  assumed  that  D  and  L  are  of  the  form 
(9:4)  D  =  D0  +  ,j4D2*-  ,  L  =  L,0'- 

where  D0 ,  D2 ,  L ,  are  independent  of  o<  .  If  the  terminal  v  al  ue  of  x 
is  not  prescribed  then  p  *=  0. 

This  result  can  be  obtained  formally  from  (3:9)  by  setting 
=  0,  p  ■  pg  =0  and  disregarding  the  equations  involving  f,9  ,  . 


1U.  A  problem  ’ 'ith  ad  ii ti ona  1  coi.str-ints.  Consider  now  the 
case  in  which  the  arcs 

C:  ah(t),  b^>  ,  q^t)  (t,  ^  t  <  t_) 

not  only  satisfy  a  set  of  differential  equations 

* 

(10:--)  9|  =  (t ,  q  ,a  ) 

but  also  a  set  of  auxiliary  conditions 

(10:3)  fa-  ( t ,  q ,  a  )  -  0  .  (<r-=1 . 

As  before  we  suppose  tV  t  the  end  conditions  are  of  the  forn 

t,  *=  T,  (b)  ,  qi(t,  )  =  mi1  (b) 

(l-:4)  t2  =  T^(b)  ,  qi(t2)  =  ■).i2(b} 

and  that  the  f -notion  to  be  ninimized  is  of  the  form 


This  problem  will  be  called  nrobi em  A'.  It  differs  from  nrollem  A 
in  that  ad  litional  constraints  (10:3)  have  been  added. 

Consider  now  a  minimizing  arc  C0  havin"  the  folio'  ing  three 
pronerties 

1)  the  functions  f  aj  (t)  belonging  to  C0  fire  continuous 

and  have  piecewise  continuous  derivatives. 

2)  The  matrix  \  il  has  rank-l?  along  Cq  . 

3)  The  ore  C0  is  normal  in  the  sense  lescribeu  below. 

Under  these  assumptions  there  exist  continuous  multipliers 
p^(t),  (t)  such  that  if  we  set 

(10:5)  H(t , q ,  p, a  ,  k)  -■  PiQi  ~L  —  fr 

the  arc  0o  satisfies  conditions  I, II,  III,  IV  described  below. 


I.  The  fir,  t  necesj  ary  con  Jit  ion .  on  C0  the  euu  tio.u 


(10:6)  = 

H  ,  pi  - 

lla,  = 
n 

0 

f 

fer  =  0 

hold  and  hence 

also  the  eaunt 

Ions 

(10:7) 

d 

dt 

H  =  Ht 

Moreoever.  the 

end  values  of 

Cn  are  such 

that 

t  he 

transversal  .tv 

condition 

(10:8) 

-H  T  + 

L  zp 

__s  = 
^i  ^isp^s  = 

2 

+ 

1 

cr  = 

P 

0 

The  proof  of  this  result  is  like  that  of  the  analogous  result 
given  in  if  we  use  the  function 

F  ( t ,  x  ,  x  '  ,  p  ,A  )  =  L(t,  ,  a  )  +  A__  (t,q,a) 

*  Pi  Ln-i  (t.q.aij 

ir,  •  1  cc  of  ti  e  functio  i  F  defined  in  Section  4. 


h 


The  iveierstrass  r— function  is  of  the  for’  (4:t>)  and  since 

H  =  0  along  C0  we  have 
h 

II.  The  necessary  co  djLtion  of  .eierstra ~s .  AI  or  p  CG 
the  inequality 

H  ( t ,  q  ,  p ,  A  ,/\ )  <  H(t,q,p,a,>) 

must  hold  f  or  every  ad  nissible  element  ( t , q , A )  satisfying  the 
condition  ^  ( t , q , A  )  =  0 . 

Similarly,  by  virtue  of  condition  III  described  in  Section  3, 
vie  hive 

III.  The  necersar  condition  of  Cl ebsch  ( he gen  Are ) .  at  each 
el ement  (t,q,p,a,A)  .on  C0  th  e  inequality 


Vak 


TT 


h 


nk^° 


must  hold  for  every  solution  (n)  /  (0)  of.  t he  equation:' 


&-ah  "h  =  0 

If  we  interpret  t> e  condition  of  nonsi ngularity  for  rroblem 
B  in  terms  of  problem  A'  we  find  that  C0  is  nonsingular  in  case 
the  determinant 

(o-  ~  1  )  •  •  •  i-f  !  h ,  k  -  1,... 

is  different  from  zero  along  C0. 

For  problem  vie  are  interested  in  vari  lions 
X  ’•  </.  h(t)  ,  ftp  ,  ^(t)  (t,  <  t  <  t.j) 


H  <p 
ahak  'rah 


u 


nk  0 


which  satisfy  the  conditions 


(10:9) 


/ 


■§! 

Ji 


h 


0  = 


together  with  the  end  conditions 

(10:10)  5i(ts)  =  Cis/04’  (s  =  1.<;  1 . r 

where  is  given  by  (4:9).  These  equations  iiffer  fron  those 

given  for  problem  a  in  that  we  have  adjoined  the  equations  of  vari¬ 
ation  of  the  functions  ^(t.q.a)  along  Cu. 

The  arc  C0  is  normal  in  case  there  exists  2n— variations 

^  »  /^a1  »  Jf  j_><  ( ^> )  “  1  )  •  «  •  ,  2n ) 

satisfying  equations  (10:0),  no  proper  linear  combination  of  which 
satisfies  ( 10:10 ) . 

The  second  variation  I2  (^)  takes  the  same  for.;  as  for  problem 
A,  the  function  H  being  defined  by  ( 10: 5) ♦  Consequently  we  have 

IV.  The  e e c o 1 1 1  order  condition.  The  second  v  ri  .tion  Ifc(^) 
of  I  a  Ion.-'  C0  _is  r.onneg  tive  for  ever,  vari  tion  sat,  i  s  f /inn 
equations  ( 10:9)  and  ( 1 0 : 1 0 ) . 


1  1  .  A  problem  wi t h  inequal ities  a s  constraints  .  ..e  now  con¬ 

sider  a  modification  of  problem  A  in  which  we  have  inequalities  as 
constraints.  Consider  therefore  a  class  of  arcs; 

C:  !  '  ah(t)  ,  bz>  ,  qi(t)  (t,  <  t  <  ta) 

satisfying  a  set  of  differential  equations 

(11:1)  \  qj_  =  Wj  (t,q,a) 

together  with  a  set  of  inequalities 

(11:2)  { t ,  q ,  a  )  >  0  ( <r  =  1 . Jt  <  m  ) 

in  addition  to  a  set  of  end  conditions 
(11:3)  ts  =  Ts(b),  q± (tg )  -  Ois(b) 


( s  =  1,2). 


.1 

< 


Again  the  function  to  be  minimized  is  of  the  form 


I  m  8^ 


«u  >  I' 


L(t ,q ,a )at . 


This  problem  will  be  called  problem  A". 

Consider  now  an  arc  Cq  that  is  a  minimizing  arc  for  problem  A", 
be  make  tbe  following  assumptions  regarding  C0. 

(1)  The  functions  q|(t)  ,  ah(t)  belonging  to  C0  are  continuous 
and  have  piecewise  continuous  derivatives. 

(2)  The  matrix  j|  has  rank  J?  at  each  point  of  C0  at  which 

,crah 

f'er  *  0 . 

(3)  The  arc  C0  is  normal  in  the  sense  described  below. 

Under  these  assumptions  there  exist  continuous  multipliers 
Pj.(t),  AJ-(t)  such  that  if  we  set 

H(t,q,p,o,A  )  “  Pi  “  L  ~ 

then  conditions  I,  II,  III,  IV  described  below  hold  on  C0. 

I.  The  first  necessary  c  on  tition .  along  C0  the  ec,  nations 
(11:5)  q;  -  Hp  ,  Pi  -  -  Hqi  ,  -  0,  £  Z  0 


m as t  hol  1  and  hence  also 

(•1 1  :6 )  d _  H  =  H.  . 

ut 

Moreover,  tbe  nmltiolier  A^Jt)  vanishes  at  each  r o i nt  of  C0  at 

which  >  0.  The  end  v  -  Ivies  of  C0  are  such  the  t  the  traasvers  ilit1 

conuitions 

111 :7)  rH  Tv  *  Pl  yi-vJs ,  ,  *  Fr  ' 0 


hold 


The  proof  of  this  result  can  be  ide  by  .  device  used  by 
Valentine,  "The  Problem  ot  uagran  -e  with  Differential  Inequalities 
as  Added  Side  Conditions"  .  Conti  ibutiorn  to  the  Cal  c ul ...  of  .Vari¬ 
ations  1933  — 37,  The  University  of  Chicago  Frees.  To  t.  is  end  we 


introduce  new  vari 

bles 

1 

Xi  ( t ) 

- 

xn+h^tJ  =  J  ah<‘t^dt  » 

II 

\  > 

xn+h(t2)  «  r+n,  Yq-  (t2)  =  Vm+e-, 

Under  this  transformation  oui’  problem  becomes  that  of  finding  in  a 
class  of  arcs 

-y-  ,  xi(t)  ,  yT  (t)  (t,  <•  t  <  t2;  y*  =  1  ,  •  .  .  ,r+:ii+/  ; 


4 

-L 

=  1,. 

. , , n+ 1. 

;<?*  = 

1  ,  .  .  .  , 

1  equations 

,xn,xn+1 

. x,\+m} 

=  C 

{ i  =  1 

>  •  •  •  1 

n) 

’ xn ’ xn+ 1 

=  0 

- 

xi(ts}  - 

4r  ^  1  1 ’  " 

.  ,  b  j 

1  r 

(s  = 

1  .*) 

xn+h^ta^ 

r+h 

(h  - 

1 ... . 

,m) 

= 

b 

r+  n+  rr~ 

(0-  = 

1 , . . . 

,.6 

Lv  t,Xj  ,  . 

.  .  ,  X  ,  X  '  ,  , 

’  n  *  n+  1  ’ 

.  .  .  ,x 

t 

;i+1  1  #  # 

.  ,  X  ' 

’  n+ 

)  dt 

and  end  conditions 

ts  =  Vb>  »  *  ••  » br ^  *  Xi(ts)  =  3is(b,  ,  .  .  .  ,br;  (s  =  1 ,2) 

Vh*1'1  =  0  *  xn+h(t2)  =  br+h  (1  = 

=  br+n+o_  (0-  -  1  ,  —  | 

one  which  minimizes 

3  2 

b  v 1 1  *  J  t,xj , . . . ,xfi ,  x^+ 1 , . . . , x'  +  1 ,  .  .  .  , y,+ 

This  problem  is  one  of  type  b  described  in  Section  3-  Sett in 
F(t,x,x’,y',p,A)  =  L  +  A*.  +  Pi(xi  ~  >4 ) 

it  is  seen,  as  in  Section  4,  th  t  the  equations 

1  h;  ■  %  .  n  -  h  •  v  -  K 


are  equivalent  to  the  set  (11:5).  Since  does  not  appear 
explicitly,  the  corresponding  Euler  equations  tell  us  that  F^., 

is  a  constant  along  C0.  The  transversal  it y  condition  corresponding 

to  y  (tp)  =  b  ^  .  requires  that  this  constant  be  zero.  Hence 
-T-  r+m-*-o-  ^ 


F  ,  =  —2 Xrjr  7 1  =  0  (c-  not  summed) 

y a~ 

From  this  result  we  conclude  that  -  0  whenever  y L  /  0  that  is, 
whenever  >  0.  The  equations  (11:7)  ate  obtained  by  the  argument 
given  in  Section  4. 

Since  F  ,  =  0  along  C0  the  ..eierstrass  £— function  takes  the 

/  o* 

form  (4:6).  Hence  we  have 

II.  The  ne  ces  sarv  condition  of  .,'eier  strass  .  at  each  el  ement 
(t,q,p,a,A)  on  CQ ,  the  inequality 

H  (t  ,q,  p,  A,A)  <  H(t,q,p,a,A) 

holds  for  every  admissible  element  ( t , q , A )  for  which  ft- ( t ,  q  ,  A )  >0  . 

Similarly,  by  virtue  of  condition  III  for  problem  B,  we  have 

III.  The  necessary  con lit  ion  of  Clebsch  ( Legend  re  J .  at  ea  ch 
element  (t,q,p,a,A)  the  inequality 


1!a  a  T7hrrk  +  2  0 

ahak  h  K 

holds  f or  "11  sets  (tt^,-^.)  su ch  that 

trh  =  2  NjTV" 


r-rzi. 


(r  =  1  ,  .  .  .  ,/C  ) 


This  condition  can  be  restated  as  follows. 

Ill .  The  necessary  j^ondit^ion  2L  ^Leg^ndru; )  * 

multiplier  s  A^-(b)  satisfy  the  rel  tion  )  w.  0  along  CG ,  the 

equality  holdi.ig  wherever  ftrr>  Q .  Moreover  at  each  el  ement 
(t,q,p,a,A)  on  C0  we  have 

H  tt,  n.  <  0 
ahak  h  k  = 

holding  for  all  sets  (a)  f  (0)  satisfying  the  relations 

ft-  TT,  = 

rah  h 


0 


m 


satisfies  equations  (11:9). 

Let  Id  C/)  be  defined  as  in  Section  4,  with  H  defined  by 
(11:4).  Adjoining  the  variations  *l  to  y  it  is  found  by  applying 
condition  IV  for  problem  3  to  the  problem  described  in  the  deriva¬ 
tion  of  condition  I  above  that  the  inequality 


i -Ay)  -  5  2 


A  y*  dt  >  0 


holds  for  all  variations 


<*h(t)  ,  fy  ,  \{t)  ,  ^(t) 

satisfying  equations  (11 :b),  (11:10)  and  (11:9).  Recall  that 


(l)  A^.  <;  0,  (2)  A^  -  0  whenever  $->0,  (3)  '7'  is  arbitrary  when 

=  0.  In  view  of  this  fact  vre  have 

IV.  The  second  order  condition.  The  second  vnri  at  ions  I  ^{y) 
lone:  C0  must  satisfy  the'  condition  I2  (,f }  ^  0  for  every  v  ir  inti  on 
y  satisfying  equations  (  1 1  :  S  )  and  (11:9). 

12.  Paths  of  lea.  t  time  ■  ith  a,  condfti onon  thg  1  i ft  cct  i’fi  cl  eat 
In  section  8  we  discussed  the  optimum  path  of  an  airpl  ne  in  which  we 
tacitly  assumed  that  t  e  variables  remained  in  the  domain  of  validity 
of  the  differential  equations.  ..e  shall  now  consider  a  restriction 
encountered  due  to  the  L  ct  that  tfe  coefficient  of  lift  C,  Cannot 
exceed  a  critical  value  ,  that  is, 

C^(ii,w.)  <  C--^(M). 

Here  M  is  the  mach  npnber  and  ^  is  the  angle  of  attack.  Since  we 
have  assumed  that  contains  oC . as  a  linear  factor  this  condition 
is  equivalent  to  one  of  the  form 


(12:1  ) 


o(.  <  A  ( M )  =  A  ( v ,  z ) 


The  mach  number  M  is  a  function  of  the  speed  v  and  the  altitude. 
If  we  adjoin  the  condition  (12:1  )  to  the  roblem  ler.cribed  in 
Section  8  v.e  obt  sin  one  of  the  type  described  in  tr  e  lust  section 


ID-  "O 


^  (v,Z,<*0  *  rt  (  V  ,  7 j  — 


The  results  stated  in  Theorem  8:1  must  be  modified  as  follows 

The ore;  12:2  If  an  airplane  traverses  a  JMth  of  t ili£ 

;ub i e ct  to  the  condition  ( 1 2: 1 ) ,  there  exist  multipliers  Px,  Py, 

P  Pv,  P  such  that  the  following  reL-V  '!•-  1^-  F  and  G 

z*  'V*  'o’  - 


Ct  V  -  /  »  \ 

ef ined  12X  eon ations  (t:2) 


(12:2) 


* 

=  V 

cos 

$ 

cos  y 

t 

*  V 

sin 

<9 

cos  y 

ft 

=  V 

sin 

y 

* 

=_£— 

w 

■  CT 

— 

D  -  v  <  j  ■ 

g  J 

• 

y 

Cos 

p  Jol  +  Lj 

vw 

j,— 

j  -  g  si  n  y 


9 


vw 


sec  y  sin  ?  Lj 


w 


o(  <.  A  ( v ,  z  ) 

oC  -  rin  [~T  ♦  L,  (p  +  p#  sec  y  sin/?)  and  A(v,z) 

Lv  De  V  — 

tan  j3 

P 


sec  # 


Py 


Gz  +  \kz  -( 1  -  F  +  G) 


7, 

*V" 

\V 


Gy  +  XAy  -  Fy  -  (1  ~  F  ♦  G) 


v; 


v; 


Pr  -  <v  "  Fy 


f<9  9 

d  and  p  are  constants 
1  y 

>  =  0  if  at  <  A(v,z) 


K 


} 


1 


1 


In  this  theorem  it  is  understood  that  the  initial  and 
terminal  conditions  of  the  path  are  the  same  as  those  imposed  in 
Theorem  8:1. 

/c cording  to  the  results  described  in  the  last  section  the  new 
multiplier  A  is  zero  whenever^  <  A(v,z).  It  follows  that  the 
conditions  described  in  Theorem  8:1  are  valid  in  this  case. 

When  at  =  A(v,z)  then  by  virtue  of  the  theory  developed  in  the  last 
section  we  replace  the  function  H  given  by  (8:1  )  by 

H*  =  H  -  X ( A  —  *  ) . 

Consequently 

a  ~  Hz  "  Gz  +  A  Az  ~(1_K  +  K 

w  • 

6  -  -H*  -  G,  +  A  A„  — F  —  ( 1  — F  +  G)  "v 

v  W 

where,  as  before,  p,,  has  been  evaluated  by  the  formula 

H*  =  F  -  G  +  pw  V.<— A  ( A— «0  F  —  G  +  pw  W  =  1 


From  the  relation 

‘  V  ♦  >  -  -<U  *  *  -  0 

we  conclude  that 


A  =  V 

whenever  o(  =  A(v,z  »  In  fact  this  holds  when  oi.  <  A(v,z)  since 
then  A  =  G^  =  0.  In  view  of  condition  III  given  in  the  last  section 
we  see  that 


^  "  k  S  0 

along  the  minimizing  arc  C0 .  -henk,  =  '•.(y,z)  condition  III  states 
further  that 

n2  +  n  k  4  K*  s  ° 

whenever  (u,k)  satisfies  the  equation 

K  n  =  “  1r  ■  0 

mere  =  a  —  3<  .  Consequently 


0. 


By  n  argument  like  that  made  in  the  paragraph  nre ceding  Tt eorem 

8:1  it  is  seen  that  o  >  G  and  ir,  f  ct  ti  t  v  >  G  if  our  problem 

-  S’  m  o 

is  to  be  nonsingul  r .  This  proves  t'  e  theorem. 
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) 


I 
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13.  An  illustrative  ex  ;  In .  In  order  to  illustrate  the 
method  described  in  Section  11  consider  the  following  example. 
To  find  anon"  all  arcs 

y(x)  x,  <-  x  <;  x2 

joining  the  points 

(x,  ,y,  ;  ~  i  ]  4)  f  ( x £  ,  y 2  •  “  ( <-  'J  ‘  1  4  ) 


of  length  4  +  tr  and  having 

y,a  ^  1  , 

one  which  minimises  the  area  integral 


xj 


dx 


This  problem,  as  it  stands,  is  not  of  the  type  described 
in  Section  11.  However  by  the  introduction  of  new  variables  it 
can  be  reduced  to  o  e  of  this  type.  The  first  variable  v;e  shall 
introduce  is 

^  x 

z  ( x )  =  \  ij  1  +  y  '  2  dx 

x’ 

wh  ich  measures  the  length  of  arc  from  Xj  to  x.  Tne  second 
variable,  Q  ,  is  the  inclination  of  the  arc  y(x),  that  is, 


tan  &  =  y’  . 

The  problem  then  becomes  that  of  choosing 

y(x) ,  z(x)  ' nd  &  (x ) 


such  th  t 


(13:1) 


x,  =  -2  ^ 

x2  =  2  >J“2' 


y’  =  tan  e 
z'  =  sec  & 

y(x  1 )  =4  ,  z(y,  ) 

y(x2)  =  4  ,  z(x2) 

TT2/  •  — 9 2  >  0 

10  = 


1 


0 

1!  +  4 


y  dx  =  minimum 
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This  new  problem  is  of  the  type  described  in  section  1  1  if  we  set 

t  =  x  ,  qi  =  y,  q2  =  z,  a  =  ©  . 

The  variables  b],...,b  of  Section  11  are  absent.  The  equ  tions 
>  0  reduce  to 

A  =  tt*-  —  >  0 

7  16 


The  function  H  of  Section  1 1  takes  the  form 


H  =  p  tan  6 


+  p  sec  9  -y  —  A(n _ 

'  75” 


2  _ 


9  ‘ 


Consequently  condition  I  becomes 


(13:-) 


y  1  ■  tan  9 
z  i  =  sec  & 

py  =  1 

Pi  =  0 


*  Py  sec *e  +  Pz 
0 


A  ~  6>2 )  ! 
10 

6*  ^  n*/i6 


sec  ©  tan  <9  *  -  X&  -  0 


Moreover  since  H  is  independent  of  x  we  i  >ve 

H  =  — b  =  constant. 

From  these  relations  it  is  seen  that 


where  a  and  r  are  constants.  Inasmuch  as  H  =  0  and  H  *  — b  we  have 

& 

(13:3)  (  x— a )  sec*-  9  —  r  sec  0  tan  0  +  2  X&  ~  0 

y  =  b  +  (x— a)  t  n  9  —  r  sec  9 


Consider  now  the  case  when 


<  n^G 

Then  A  =  0  and  by  ( 1 3  : 3  ) 

x  =  a  +  r  sin  9 
^  1  '  ^  y  =  b  -  r  cos  9 

Consequently ,  the  arc  .urt  be  a  circular  arc  with  its  center  at 
(a,b)  and  radius  +  r.  e  stall  see  ■ rese  tly  that  r  is  positive 


I 


or  zero.  The  corresponding;  arc  length  is 


(13-5)  z  =  r  0  +  c 

as  can  be  seen  from  the  relations 

dz  =  d_z  dx  =  r  . 
da  ax  id 

To  show  that  r  is  positive  we  use  the  Legendre  conlition  H  <  0. 
This  yields,  by  (13:4), 

H  =  (x— a)  2  sec2  e  tan  9  —  r  (sec3#  +  sec‘  &  tan  e 
=  — r  sec  9  <10. 

Hence  r  £  0,  as  was  to  be  proved.  Inasmuch  as  isin  9  |  ^  1  /|X~ 

when  S2  <  n2/1(J  we  have  the  inequality 

a  —  r/^2  <  x  <  a  +  r/>|2 
along  tie  circular  arc  under  consideration. 

V.'hen  9  =  —  n_  it  follows  from  (13:3)  and  (13:2)  that 
4 

y  =  b  —  ( x— a  )  —  r 

z  =  {IT  ( x-a )  +  c !  , 

A  =  ( **/f2  +  x-  a ) 

rr 

Observe  that 

A  =  0  when  x  =  a  —  r/f2" 

The  Legendre  couaition  states  that  A  ^  0  it  follows  that 

x  <.  a  —  r/ 'flT 

alonn:  that  portion  of  the  arc  on  which  9  =  —  rr  . 

L 


Similarly  -when  Q  -  — 

y  =  b  +  x—"  — r  >f~2* 

z  =  fT  (x-a)  +  c2 
A  =  ( r/'|T  -  x  +  a  ) 

Consequently 

A  =  0  when  x  =  a  ♦  r/  \  2 
Since  )\  <  0  we  see  tl  at 

x  >  a  +  r  AflT 

along  that  portion  of  the  arc  on  which  Om  n/t  . 


II 
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From  these  considerations  it  is  seen  that  the  solution  to 
,our  problem  must  be  a  segment  of  an  arc  defined  by  the  rel itions 

y  =  b  -  r  vj  2  -  x  +  a  x  <  a  -  r/  fT 

( 1 3 ;  6 )  _ 

y  =  b  -  |r2  _  (x_n)£  n-r/JT  <  x  <  a  +  r/{T 

y  =  b  —  r  fT  +  x  -  a  a  +  r  ApT  <.  x 

The  corresponding  values  of  z  are  given  by 

z  *  ( x— a )  f"2  +  r  ( 1  —  tt  )  +  c  x  w.  a  -  r/JT 

4 


(13:7)  1 

z  **  r  sin  (x— a )  +  c 
r 

z  *=  (x  —a  )flT  —  r  ( 1  —  n  )  +  c 

4 

The  multiplier  A  is  given  by 
X  =  4  (r/|~2~  +  x  -  a) 

TT 

A  =  0 

A  =  4  (r/fX-  X  +  a ) 
n 


a  -  r/fJ  v.  x  uT  a  +  r/{T 
a  +  r/fT  5>  x 

x  <  a  —  rApT 

•i— r/sjlT  >  x  <  a  +  r/flT 
a  +  r/{7  <.  x 


If  we  choose 

a  **  0  ,  b  *  4  ,  r  =  2,  c  =  2  +  u/2 
the  end  conditions  in  ( 1 3 :  i  )  will  be  satisfied.  For  in  this  evert 
we  have 


y  =  4  —  2  \j  2  —  x 
(13:4')  ... 

—2  >|  2  X  <;  -  -|  2 

y  “  4  —  >|  4  -  x  «- 

-  fir  x  s  fir 

y  =  4  -  2  fT*  x 

fT  <  x  <  2  fT 

and 

s  =  x  2  +  ijf. 

-2  fr  <  x  w  -  fir 

z  •  2  arcsin  x  +  2  +  tt/2 

—'1 2  w.  x  _  f  2 

r»  a  y  r  4.  yj 

f!T~  S  X  <  2  fTT" 

A  =  +  x) 

A  =  u 

A  =  k_(\T~-  x) 
n 


-2  fT  ^  x  v  -  f2 

-fr  s.  x  s  'j~2 
>pr  x  s  2  'j  ^  . 


The  multipliei  A  is  a  continuous  function  of  x  dose  .eriv  tive 
is  Jisco  tinuou;-  at  x  *  +,-<{  . 

The  variable  8  which  plays  n  role  ...alogous  to  the  -  ngl e  i 
attack  c4  in  Section  12  is  -ivon  by  the  i elutions 


*  -  -ir 

9  2  arcsin  x 

it 

9  =  n 

4 


—2  \  2  <  x  <  — fT 

“  F  x.  x  S  fT 

■fT  s  x  <  2  -fT 


and  is  accor  iingly  continuous.  Its  derivative  with  respect  to  x, 


6’ 

r 

e 


S  4  ~-x  ‘ 

’  =  o 


—2  'fT"  <  x  <  -  ■fT 

-Fw  x  s  [F 


e'  =  u  TF  x  *  2F 

is  discontinuous  at  x  =  +_  o|  2  . 

The  derivatives  y'  =  t-n  $  and  z'  =  sec  8  are  continuous  along 
the  arc. 

To  shov  th  t  the  arc  (13:3)  is  the  only  arc  (13:0)  of  length 
tt  +  4  passing  through  the  points  (+.  2  'fT  ,4)  ,  observe  first  that 
a  i  0  since  the  value  of  y  is  the  s  re  at  x  =  2 "j  2  as  at  x  =  — 2  f  2 . 
If  r_  ^  2fT~  (i.e.  r  >  4)  tin  arc  would  be  composed  of  a  circular  arc 

fT  “ 

whose  length  could  not  exceed  ^n.  Hence  r  4  •  nd  the  arc  is  made 

up  of  two  liri segmet  :ts  ai  d  a  circular  arc.  Pince  z  =  0 
t  x  =  —  c  "^2  and  ?.  =  tt  +  4  at  x  =  2^2  the  equation  (13:7)  yield 

0  =  -  4  +  r  ( 1  —  tt  -)  +  c 
4 

tt  +  4  =.4  —  r  ( 1  —  r _ j  +  c 

4 


the  relations 


/ 

s 


Consequently 

c  =  2  +  tt/2  ,  r  =  2 


Us  ins;  the  fact  that  y  =  4  when  x  =  2'jT' we  find  from  (1  i:6;  t 
b  =  4*  The  arc  (13:S)  is  accordingly  the  only  arc  of  the  r 
(13:6)  that  satisfies  the  conditions  of  our  oroblem. 


1 


